where Ω = [a1, a2] × [b1, b2],x = (x, y) ∈ Ω and fixed point x0 = (x0, y0) ∈ Ω, is considered. The density function h(x, y) is assumed given, continuous and smooth on the rectangle Ω and belong to the class of functions C 2,α (Ω). Cubature formula for double integrals with algebraic singularity on a rectangle is constructed using the modified spline function SΩ(P ) of type (0, 2). Highly accurate numerical results for the proposed method is given for both tested density function h(x, y) as linear, quadratic and absolute value functions. The results are in line with the theoretical findings.
I. INTRODUCTION
In an attempt to solve multiple integration problems numerically, cubature formulas for the varieties of regions were developed in [1] - [4] including their theoretical and practical aspects, useful in an embedded systems and other computer applications. Eshkuvatov et al. [2] constructed Cubature formulas for the evaluation of double integrals (1) on the rectangle with algebraic singularity by replacing the density function h(x, y) with the S Λ (P ) given by (4); a modified spline function interpolation of type (0, 2) . Rate of convergence are obtained in the classes of function h(x, y) ∈ C 2,α (Ω). Cools and Rabinowitz [3] and Cools [4] considered various approximations of an integral
where Ω ∈ n , and W (x) ≥ 0, ∀x ∈ n , n ≥ 2, by
H(h) = Q(h) + R(h),
where Q(h) is the cubature formula and R(h) is the remainder.
To solve multivariate singular integrals problems there is need to find an efficient approximate formulas; see some rich leterature [5] - [8] for an elaborate overview.
In this paper, double integral of the form
where Ω = [a 1 , a 2 ] × [b 1 , b 2 ],x = (x, y) ∈ Ω and fixed point x * 0 = (x * 0 , y * 0 ) ∈ Ω are considered. The density function h(x) is assumed continuous and smooth enough on the rectangle Ω and belong to the class of function C 2,α (Ω), i.e. h(x), h x (x), h y (x), h xx (x), h yy (x) and h xy (x) = h yx (x) in Ω are all continuous and all second partial derivatives satify Hölder condition. Cubature formula for double integrals (1) with algebraic singularity on a rectangle is constructed by first rewriting the modified spline function S Ω (P ) of type (0, 2) in new form (12) which is later used to approximate the function h(x, y). Highly accurate numerical results for the proposed method is obtained for both tested density function h(x, y) as linear, quadratic and absolute value functions.
In section II, the concept of double integration by spline polynomial is presented. Section III demonstrate the construction of cubature formula. Numerical results and discussion are given in section IV.
II. CONCEPT OF DOUBLE INTEGRATION BY SPLINE

POLYNOMIAL
Let the region Ω in (1) be divided into sub rectangles (x = x i , y = y j ) , where
, and in the domain Ω the system
is chosen and on Λ the interpolation nodes
are given. By introducing the notation
we define
On the system of interpolation nodes Eq. (2), the modified spline function of type (0, 2), S Λ (P ) = S ij (x, y) is given in the form [9] S Λ (P ) = 1
where
and
rewritten as
The modified spline function S Λ (P ) defined by (5) and (6) interpolates the given function h(x, y) at the interpolation nodes (2), i.e. substituting
twice with respect to x and taking into account (6) we arrive at
In a similar way, by differentiating the interpolating polynomial (5) twice with respect to y and taking into account (6) we obtain the equality
From (8), for y = y j or y = y j+1 , j = 0, 1, · · · , m 2 − 1, it follows that
To construct cubature formula for the double integral (1) the density function h(x, y) is approximated by the modified spline function S Λ (P ) of type (0, 2) in (5)
From (1), it follows that
where E(h) is the error of the cubature formula (13) and coefficients A ij (x * 0 ), B ij (x * 0 ) and C ij (x * 0 ) are defined by the certain formulas as follows
IV. NUMERICAL RESULTS AND DISCUSSION
In this session, we evaluate the cubature formula (13) for different choices of h(x, y) according to the following TABLE I, III, V and VII.
Example 4.1 (Linear function):
Let h(x, y) = −1 + x + 2y. [ [ The numerical results in 
Example 4.2 (Quadratic function):
Let h(x, y) = −1 + x + y − 3xy + 2x 2 + 5y 2 − xy 2 + x 2 y. [
(0.9, 0.9) 6 (−0.9, −0.9) The numerical results in TABLE VI showed that the approximate solution of cubature formula (13) is very close to the exact solution H α (x, y) for quadratic function. High accuracy can be seen under the absolute error for 1-6 tested cases.
Example 4.3 (Absolute value function):
Let h(x, y) = |2 + x| + |y − 3|. The numerical results in TABLE VIII showed that the approximate solution of Cubature formula (13) is very close to the exact solution H α (x, y) for an absolute value function. High accuracy can be seen under the absolute error for 1-8 tested cases.
V. CONCLUSION
In this paper, cubature formula (13) for the double integration (1) with algebraic singularity was constructed by first rewriting the modified spline function S Λ (P ) of type (0, 2) into a new form (12) and then later used to approximate the density functions h(x, y). The results obtained in TABLE II, IV, VI and VIII indicated that the Cubature formula (13) is highly efficient for the tested density function h(x, y) as linear, quadratic and absolute value functions.
